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A NOTE ON THE DISPERSION
OF ADMISSIBLE LATTICES
MARIO ULLRICH
Abstract. In this note we show that the volume of axis-parallel boxes
in Rd which do not intersect an admissible lattice L ⊂ Rd is uniformly
bounded. In particular, this implies that the dispersion of the dilated lat-
tices N−1/dL restricted to the unit cube is of the (optimal) order N−1 as N
goes to infinity. This result was obtained independently by V.N. Temlyakov
(arXiv:1709.08158).
Let L ⊂ Rd, d ∈ N, be an admissible lattice (in the sense of Skriganov [17]),
i.e., L = T (Zd) for some T ∈ Rd×d such that
(1) Nm(L) := inf
z∈L\{0}
d∏
j=1
|zj | > 0.
Such lattices play a crucial role in the geometry of numbers, see e.g. [3, 8] and
the references therein, especially in the theory of Diophantine approximation.
Moreover, they are among the most important explicit constructions of point
sets, which satisfy various uniform distribution properties, like the optimal
order of the discrepancy [7, 17]. They attracted quite a lot of attention in
numerical analysis as the corresponding point sets seem to serve as an optimal
and universal choice as nodes for corresponding cubature rules, see e.g. [6, 10,
12, 17, 20, 21, 27, 28, 29]. See also [14, 16, 21] for surveys on the state of the
art in numerical integration.
Apart from the concepts and geometric quantities that are important for
the above, there is an increasing interest in the dispersion of a point set. For
d ∈ N and a point set P ⊂ [0, 1]d, the dispersion of P is defined by
disp(P) := sup
B : B∩P=∅
|B|,
where the supremum is over all axis-parallel boxes B = I1 × · · · × Id with in-
tervals Iℓ ⊂ [0, 1], and |B| denotes the volume of B. This quantity was proven
to be essential for various numerical problems including optimization [13], ap-
proximation of high-dimensional rank-1 tensors [2, 15] and, very recently, in
the study of Marcinkiewicz-type discretization theorems [22, 23, 24]. More-
over, algorithms for finding such a box with maximal volume, with a motiva-
tion coming from information theory, are also of some interest, see [4, 5, 11] and
references therein. In all these contexts, it is desirable to have tight bounds
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on the dispersion (clearly depending on d and #P), and to find explicit con-
structions of point sets satisfying these bounds. The best bounds so far, with
special emphasis on the dependence on the dimension d, can be found in the
recent articles [1, 9, 18, 26, 30]. In particular, the only presently known optimal
(w.r.t. the dependence on #P) construction is based on (t,m, d)-nets, see [1,
Section 4]. Here, we will prove that admissible lattices also lead to optimal
(w.r.t. the dependence on #P) constructions for the dispersion. This was ob-
tained independently by Temlyakov [25]. However, we show that this is a quite
direct corollary of the famous lattice point counting result of Skriganov [17],
which seems to be of independent interest.
In this note the point sets under consideration are admissible lattices L and
we consider the (apparently larger) lattice-dispersion of L, i.e., the quantity
disp∗(L) := sup
B : B∩L=∅
|B|,
where the supremum is over all axis-parallel boxes B = I1 × · · · × Id with
intervals Iℓ ⊂ R, and |B| denotes again the volume of B.
First, we prove the following result.
Proposition 1. Let L ⊂ Rd be a lattice that satisfies (1). Then,
disp∗(L) ≤ DL < ∞,
where DL depends on L only by means of det(L) and Nm(L).
Remark 1. In the application of such results, particularly in numerical analysis,
it is often necessary to switch between properties of the lattice L = T (Zd) and
the corresponding dual lattice L∗ = (T−1)⊤(Zd). Let us therefore note that L
satisfies (1) if and only if L∗ satisfies (1), see [17, Lemma 3.1].
From this result we obtain a bound on the dispersion (in the unit cube) for
dilated admissible lattices. For this, we introduce the notation
t−1L := {(t−1
1
z1, . . . , t
−1
d zd) : z ∈ L}
and [0, t] := [0, t1]× · · · × [0, td] for t = (t1, . . . , td) ∈ R
d with n(t) :=
∣∣[0, t]∣∣ =∏d
j=1 |tj | > 0.
Corollary 2. Let L ⊂ Rd be a lattice that satisfies (1). Then,
disp
(
(t−1L) ∩ [0, 1]d
)
≤
DL
n(t)
.
Moreover, for every N ∈ N there exist tN ∈ R
d such that PN := (t
−1
N L)∩ [0, 1]
d
satisfies #PN = N and
disp(PN ) ≤
CL
N
for some constant CL that depends on L only by means of det(L) and Nm(L).
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Proof of Proposition 1. We know from the work of Skriganov [17, Theorem 1.1]
that, for Bx,t := x+ [0, t], x, t ∈ R
d, we have
∣∣∣#(L ∩Bx,t
)
−
|Bx,t|
det(L)
∣∣∣ ≤ D′L ln
(
2 + n(t)
)d−1
uniformly in x, where the constant D′
L
depends on L only by means of det(L)
and Nm(L). If we now assume that the (shifted and dilated) box Bx,t contains
no point of L, we obtain that
|Bx,t| ≤ det(L)D
′
L ln
(
2 + n(t)
)d−1
.
This easily implies that |Bx,t| = n(t) ≤ DL for some DL < ∞ that only
depends on det(L) and D′
L
.

Proof of Corollary 2. We obtain from Proposition 1 that under the given as-
sumption disp∗(L) ≤ DL <∞. Therefore, we obtain from the definitions and
the homogeneity of the lattice-dispersion that
disp
(
(t−1L) ∩ [0, 1]d
)
≤ disp∗
(
t−1L
)
=
disp∗
(
L
)
n(t)
≤
DL
n(t)
.
For the second part of the corollary, note that the existence of infinitly many
tN with #PN = N follows from the fact that every hyperplane {x : xj = a},
a ∈ R, contains at most one point of L, see e.g. [17, Remark 2.1]. Now note
that also N = #
(
L∩ [0, tN ]
)
, and that (1) implies n(tN) > Nm(L) for N ≥ 2.
We partition [0, tN ] into at most
|[0, tN ]|/Nm(L) + 1 = n(tN )/Nm(L) + 1 ≤ 2n(tN )
axis-parallel boxes with volume less than Nm(L). Each of these boxes contains
at most one point from L. Otherwise, two distinct points x, y ∈ L in the box
must satisfy
∏d
j=1 |xj − yj| < Nm(L): a contradiction to (1). Therefore, we
obtain N ≤ 2n(tN ), which proves the result with CL = 2DL.

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